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Abstract 

Using complexified quaternions, a formalism without Lorentz frames, and therefore 
also without vierbeins, for dealing with tensor and spinor fields in curved spacetime is 
presented. A local U (1) gauge symmetry, which, it is speculated, might be related to 
electromagnetism, emerges naturally. 

1 Introduction 

Originating from the papers by Fock and Ivanenko [lj, and Weyl [2J, the standard for- 
mulation [31 HI [5] of spinor fields in curved spacetime employs a vierbein field e a n which 
erects at each point in spacetime a local Lorentz frame. Using complexified quaternions, 
this paper will present a coordinate covariant and locally Lorentz invariant formalism for 
spinor fields in curved spacetime using no local Lorentz frames. 

In general relativity which is our current best theory of the dynamics of curved space- 
time, the fundamental structures are the basis G TM, which may or may not be a coor- 
dinate basis d p , the dual 1-form basis G T*M obeying 5^ = (a?* 1 , e u ), the metric g with 
components g py = g(e p ,e u ) = e p • e u , and the connection coefficients V ii vp = (a/*, V p e„) 
with Vp the covariant derivative [6j. For dealing with spinor fields, this structure is aug- 
mented by a vierbein field e a fl , as previously mentioned, obeying = r] ab e a tM e b u , where 
r] ab is the Minkowski metric, and a spin connection Lo p ab which in its minimal version is 
given by uj p ab = gP° e a p V M e 6 a 0]. 

This paper will present a formalism able of dealing with both tensor and spinor fields, 
using much less structure (see the next section for the notation): a basis s^ G (C0IHI) - 
and a spin connection oj p G C (g) HI obeying = Seal (lo p + uJ*), Eq. ([271) . in terms of 
which both the metric and the 'minimal version', to be specified later, of the connection 
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coefficients are determined as g^ v = (s p ,s u ), Eq. ([2]), and Y^ vp = {s^ 1 , d p s u + uj p s u + s v lo*), 
Eq. (|2"Uj) . respectively. 

The condition = Seal (uj p + u*) is equivalent to u p E iR V co p € C (8) Vec (H). The 
freedom 6 iM is related to a local U (1) gauge freedom, Eq. ([29]) . which, it is speculated, 
might be related to electromagnetism. 

2 Notation 

The set of complexified quaternions is denoted C ® H, which is equal to EI ® C because C 
and EI are assumed to commute. Usual complex conjugation acts as C® HI — > C* ® H, and 
usual quaternionic conjugation [8] acts as C ® EI — > C ® EI. In conjunction, these two 
conjugations may be used to split the complexified quaternions as C ® EI = (C ® HI) - U 
(C®M) + , where 

(C ® EI) ± = {x e C ® EI \x* = ±x } . 

The real- and imaginary parts of C are, as usual, denoted Re (C) = R and Im (C) = iR, 
respectively. The scalar- and vector parts of HI, denoted Seal (EI) and Vec (EI), respectively, 
are defined as 

Scal(EI) = {x £U\x = +x} , 
Vec (EI) = {xeW\x = -x}. 

The bilinear inner product (•, •) : (C ® H) -» C is defined as [9] 

2 (x, y) = xy + yx = xy + yx. (1) 

3 Basis and metric 

Let (M, x^) be some spacetime four-manifold M parametrized by some coordinate system 
x^. In order to endow M with a measure of distance, a metric g pv £ R must be provided. 
For M a Riemannian manifold, the metric is given by g pu = g (e^, e^) with g = g^uj^^u" , 
where G TM is the basis, and € T*M is the dual 1-form basis, obeying = (uj^, e v ) 

m- 

This route will not be taken in this paper: neither a basis € TM nor a dual 1- 
form basis E T*M will be introduced, thus leaving the arena of Riemannian manifolds. 
Instead the metric g pv will be given by 

R9 2 V = 2( SfU s u ) (2) 

= S^jSjy "T Sj/S^j 
= S^Sj/ -|- Sj/S^, 
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with s M = — s* G (C <g> H) the basis obeying the nondegeneracy condition 

{c%|c^GC} = C®M. (3) 

A basis s^ = +s* G (C(g>]H) + , corresponding to the opposite signature of the metric, 
could, of course, equally well have been chosen. The real-valuedness of the metric, as 
indicated above, is a direct consequence of Proposition [H The symmetry of the metric 
follows trivially from the symmetry of the inner product, (x,y) = (y,x). 

The nondegeneracy property of s M , as stated above, implies the nondegeneracy of the 
metric, i.e., det (g^u) 0, as follows: Assume that {c^s^ |c M G C} = C®EI, but det (g^u) = 
0. Then, performing matrix row operations, there must exist some linear combination cPs^, 
with #* G C, so that (cPs^, s„) = for all s„, which implies that cPs^ = 0, which implies 
that dim ({c^s^ G C }) < dim (C <8> H). A contradiction. 

The nondegeneracy of the metric allows the definition s^ = g^ u s u 4$ = guvs", which, 
unsurprisingly, obeys 5% = (s* 1 , s^) and g^ u = (s M ,s^). Thus, as usual, coordinate indices 
are raised and lowered with the inverse metric and the metric, respectively. Note that 
$v = i s>M i s u) may be considered the analogue of 5% = (u^e^) in Riemannian calculus, 
but whereas it is quite sensible to raise and lower indices in (s^Sj,), it is not in (u/^e^), 
because e M and a; M are fixed as type (0,1) and (1,0) tensors, respectively. 

The basis s^ is subject to two different types of transformations: 

• Coordinate transformations: In accordance with its coordinate index /i, under a co- 
ordinate transformation dx'^ = (dx 1 ^ / dx u ) dx v , the basis s^ is assumed to transform 
as a type (0, 1) tensor, i.e., 

« = ^ (4) 
thus making g^ u and transform as type (0, 2) and type (1, 0) tensors, respectively. 



Local Lorentz transformations: Under the local transformation s^ = As^A*, where 
A = A (x^) obeys A = A -1 44> 1 = AA = AA, the metric is invariant as the following 
calculation, using some of the identities of Proposition [3l shows: 



g'^ = yAs M A ,As^A 

(AA) s^s u (AA)" 
= 9nw (5) 

Note that s M — > s^ = As^A* maps, as it should, from (C(g>HI)~ to (C<g>H) . The 
associativity of the (complexified) quaternions makes it unnecessary to care about 
parantheses in the calculation. The group 

({A G C(g)M|A = A" 1 } , x,l) 
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with multiplication x as group operation, and 1 as identity element is isomorphic to 
Sp (1, C) = SL (2, C), the double cover of the Lorentz group SO (3, 1). Therefore, the 
transformation s^ = As^A is a proper Lorentz transformation |10| . 



4 Covariant derivative and connections 

Under the local Lorentz transformation s^ = As^A*, the derivative d^s u transforms non- 
covariantly, i.e., (d^s u )' ^ A(d^s u )A*, generally. The remedy, as usual, is to define a 
covariant derivative for which (D^Sy) = A (D^s v ) A . Preferably, should commute 
with both complex- and quaternionic conjugation, i.e., 

iV* = (DrfY, (6) 
Drf = XD~$j, (7) 

for all fields 4> G C ® EI (any coordinate indices suppressed) . Before defining the covari- 
ant derivative of s^, the socalled quaternionic spinor fields, quaternionic vector field, and 
quaternionic scalar field, and their covariant derivatives, will be defined. 



4.1 Quaternionic spinor fields 

Fields ip L , 6 C®H that transform as ip' L = Aip L and ip R = ip R A* , respectively, will be 
called quaternionic spinor fields. Their covariant derivatives are defined as 

D ^L = d^L+u^L, (8) 
D ^R = d^R + ^R^ (9) 

where uj^ G C&HI is some gauge connection obeying = Seal (uj^ + uJ*) , a condition which 
will become clear shortly. 

Proposition 1 The covariant derivatives D^ip L and D^ip R transform covariantly, 

(D^ R )' = (D^ R )A*, (11) 
if and only if the gauge connection uj^ transforms as 

c^ = AuvA-(d M A)A. (12) 
Proof: By direct calculation follows 

(ZVAl)' = (fyA)^ + A(0^ L )W M (A^), 



(D^ R )' = (d^ip R )A* + ip R id^A*) + (ip R A*j [y>'^) 
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which equal A (D^il> L ) and (D^ip R ) A*, respectively, if and only if 

(^A)Vl + ^(A^ l ) = A(w m Vl), 

which, using the associativity of the complexified quaternions to move parantheses, the 
arbitrariness of ip L and ip R , and A = A -1 , imply the two equivalent conditions 



CO 



Acj m A - (dpA) A, 



K)* = A*5£A* - A* (0„A*) . 



Generally, fields G C^M that transform as (L^'.'.'a™)' = AL^ZZ and 

(i^CTl '-CT™)' = -RctI-'-ct^A*, respectively, will be called type (m,n) tensor-valued quaternionic 
spinor fields. The covariant derivative of these fields are defined as 

7-) jPl'"Pm — VT rPl"'Pm\,, T Pi"' Pm fiql 
U fl lj ai ... an = V fJ ,Li (7l ... (7n -+■ LU fJ ,Li (7l ... (7n , (16) 

d^kxZz = v,R p a \:: p z+KXZ m ^l. (14) 



In comparison with D^ip L and D^ip R , above, note here the explicit appearance of V M , 

-PV'Pm „„J T}Pl"'Pm 

J a 1 ---a n ana tt ai ... an 



which is necessary because the quaternionic spinor fields L^...^™ and R^...^™ now carry 



coordinate indices. They transform covariantly; 

= A(^V.'.^), (15) 

(iVft-W = ( J D M <:.:fe)A*, (ie) 

the proof of which is completely analogous to the proof above for D^%j) L and D fl if) R . The 
above fields V>l an d ipR are, of course, type (0, 0) tensor-valued quaternionic spinor fields. 

4.2 Quaternionic vector field 

A field V € C (g> HI that transforms as V = AVA* will be called a quaternionic vector field. 
Its covariant derivative is defined as 

DpV = d^V + uj^V + Vu*^. (17) 

Proposition 2 T/ie covariant derivative D^V transforms covariantly, 

(D^V)' = K(D,V)T. (18) 
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Proof: Follows by direct calculation: 



= d^AVA*) 

+ [Aw„A-(fyA)A] (a^A*) 
+ (ava*) [a*u* A* - A* (d~f 
= (d^A) VT + A (d^V) A* + Ay (a M A*) 
+Aoj^ (AA) VA* - (fyA) (AA) FA* 
+AV (A* A*) uJ^A* - AF (A* A*) (fyA*) , 

which, using 1 = AA = A* A*, implies 

(DfiV)' = a (d^v + lo^v + vzj;) A* = A (D^V) a*. 

m 

Generally, a field V^Z^ eC®I that transform as (V^."'^)' = AV&V.V^A* will be 
called a fa/pe (m, n) tensor-valued quaternionic vector field. The covariant derivative of this 
field is defined as 

n T/Pl'"Pm _ V7 \rPvPm I , , T/Pl ■"Pm I \rPV"Pm n* MCA 

Analogous to D^L^.fj^ and D^R^..! 3 ^, above, V M is necessary here because the quater- 
nionic vector field VSl—o™ now carry coordinate indices. It transforms covariantly; 

{DXV^)' = A {DXr---t) T, (20) 

the proof of which is completely analogous to the proof above for D^V. The above field V 
is, of course, a type (0, 0) tensor-valued quaternionic vector field. 

4.3 Quaternionic scalar field 

A field 5 € C®H that transforms invariantly, S' = S, will be called a quaternionic scalar 
field. Its covariant derivative is defined as 

DfiS ee d^S. (21) 

Generally, a field G C®H that transform as (^i"^™)' = will be called 

a £ype (m, n) tensor-valued quaternionic scalar field. The covariant derivative of this field 
is defined as 

D»s p a \:z™ = v»s p a \:z™. (22) 
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Analogous to D^V^...^ , above, is necessary here because the quaternionic scalar field 
Sa{~-a™ now carry coordinate indices. It transforms covariantly (and invariantly) ; 

{D^Z™)' = D^XZt- (23) 
The above field S is, of course, a type (0, 0) tensor-valued quaternionic scalar field. 

4.4 Basis and metric 

The basis field s^ is a type (0, 1) tensor-valued quaternionic vector field, so according to 
Eq. (fl~9j) its covariant derivative is defined as 

D p s u = V p s u + uipSu + s v uj*p. (24) 

In complete analogy with how V p acts in Riemannian calculus, the covariant derivative 
V p s u is defined as 

VpSjy = dpS u — r^pSp, (25) 

where T^ up are connection coefficients which couple, in the usual way, to any coordinate 
index, covariant or contravariant. Note, however, that a priori T^ vp have nothing to do 
with the usual connection coefficients T^ vp = (uj^, V p e u ) of Riemannian calculus, because, 
as previously stated, neither the basis 6 TM nor the dual 1-form basis cj m G T*M is 
provided in the present formalism. 

So, as of yet, T^ up are undetermined. A 'minimal version' of T^ up , in the spirit of a 
minimal spin connection [HE], can be determined by solving the 'minimality condition' 
= D p s u for T^ up = T^ up (s^uv), the result being 

K 9 T% = (a", d p s v + lo p s u + s v uf p ) . (26) 

Expressing T^ vp in terms of s^ and cj«, which is somehow the reverse of expressing a 
minimal spin connection oJp ab in terms of a vierbein e a „ and the connection coefficients 
T^ up , as is customarily done [H [S], is reasonable because with neither £ TM nor 
u)^ £ T*M provided in the present formalism, the connection coefficients seem to 'flap in 
the breeze': the only potentially reasonable way, it seems, that they could be expressed 
without using ujp is as the usual Christoffel coefficients, 

{%} = \9 pu (dp,9au + dyg^ - d a gp U ) , 

determined entirely in terms of the metric g^ v = (s„,Sj,). But, remembering that the 
Christoffel connection coefficients are the (general) connection coefficients in a coordinate 
basis = d^, why should T p p U , as defined by Eq. (|2"6"j) . equal when there is no 

relation between the coordinate system and the basis s^? 

Four important properties of T^ up , as defined by Eq. ([26]) . should be emphasized: 
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Its real-valuedness, as indicated above: This follows directly from G (C <g> H) and 
d p s u + u> p s u + s u ZJ* G (C (g> using Proposition UJ 

Its metric compatibility in the usual Riemannian sense, = V p (7 Ml/ : Follows by direct 
calculation, using some of the identities of Proposition [3) 

^ p9pv — Qp9pv r pp9cru r up9pcr 

= d P 9pv - (s a , dpSp + ujpSp + SpW*) g av - (s a , d p s u + uj p s u + s u uj*) 

= — {Sy^LOpSp) — (s^SpU*) — {Sp,LOpS v ) — {Sp,, S V UJ*} 

= - (suSp,uj p ) - (spS u ,u)*) - (spS u ,uJ p ) - (s u Sp,TD*) 
= — (spSv + s u Sp, LU p ) — (spS u + s u Sp, o;*) 
= -2^(1,0^ + 07*) 

= o, 

where the last equality follows because 

= Seal (tOf, + lJ* ) 44> ujp G iM V ujp G C ® Vec (H) , (27) 

a condition on top previously stated in connection with the definitions of the covariant 
derivatives of the quaternionic spinor fields, Eqs. (jSJ) and J9]). 

Its transformation under coordinate transformations: By direct calculation, using 
Eq. (f26|) . and the fact that Sp and ujp transform as type (0,1) tensors, it follows 
that T^ up transform as the connection coefficients in Riemannian calculus do [6l Eq. 
(10.26)]; 

( "P> = Q x a Q X W Q x ,p 07 + Qx w dx'P ' 

Its invariance under local Lorentz transformations: The basis s^ and the gauge con- 
nection ojp transform as s^ = As^A and wj, = Acu^A — (dpA) A, respectively, where 
A = A -1 . Using these relations and some of the identities of Proposition O the claim 
follows by direct calculation. 



Note that T^ up , as defined by Eq. ([26]) . need not be symmetric in its lower two indices, 
as the Christoffel coefficients are. 

Because the metric transforms invariantly, compare Eq. ([5]), according to Eq. (|22p. the 
covariant derivative D p 9p V should equal V p 9p V . This is, indeed, verified by the following 
explicit calculation, analogous to the above proof of = V p gp U , using Eqs. (|7|), (f2~i|) . and 
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([27|) , as well as some of the identities of Proposition [3) 
Dpg^u = (DpSp, s„) + (s M , D p s u ) 

= (V p S M + LOpSp + SpZJ*, S u ) + (sp, V p S u + UJ p S u + S u uJ*) 

= V p (sp, s u ) + {ujpSp, s u ) + (spu;*, s u ) + (sp, lo p s u ) + (sp, s u TD*) 

= V p (Sp, S u ) + {uj p , S u Sp) + (ZJ* , SpS u ) + (SpS u , LOp) + (s^Sp, Up } 
= (Sp, Sj,} + (Wp, SpSy + S^Sp) + (u)* p , SpS„ + SjySp) 

= Vp^ + 2g fll/ (l, Up + uJ*} 
= Vpgp^. 

4.5 Various 

A final comment, before ending this section: Consider a quaternionic vector field V = 
V^Sp £C®H, where € C. The covariant derivative DpV is given by 

D p V = d p V + io p V + VZJ* p 

= dp + LOp (V^ Sp) + (V%) Zu* p 

= (dpvnsp + v^dpsp + ujpsp + spuj;) 

= (dpV^ S p + T^pV u Sp 

= (dpV + r^pVnsp, 

using Eq. (fTTl) . and Eq. (f26l) in the form P^pSp = 9pS^ + uj p s 1/ + s u ZJ*. This may be written 

as 

(s^DpV) = dpV^ + T^pV, 
V» = (^,V), 

which is completely analogous to the usual expression in Riemannian calculus for a vector 
field V = V^ep- 

(u/\VpV) = dpV^ + r^pV, 
V» = (w**,V). 

5 Field strength tensors 

In analogy with the expression W vp(7 = (u)^, [Vp, V CT ] e u ) for the Riemannian curvature 
tensor (in a coordinate basis) [H Sec. 11.3], the expression (s^, [D p , D a ]s u ) is calculated, 
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suspending for the moment the minimality condition = DpS u : Because D^s y is a quater- 
nionic vector field, D p D a Sp = D p (D a s p ) is given by 

D p D a Sp = V p (D a Sp) + uj p (D a Sp) + (D a Sp) U* 
= V p (V CT s M + u a Sp + s^tJ* ) 

+LOp (V a S p + UJ a Sp + SfjU*) 

+ (V CT Sp + uj a Sp + SpW* ) ID*, 

which implies, various terms cancelling due to antisymmetry (and associativity of the 
complexified quaternions) , 

[D p ,D a ]s p = [Vp,V CT ]sp 

+ (VpOV - V^Wp + [U p , L0 a }) Sp 

+s„ (Vp^; - V a uJ* p - [u* p ,u*]), 
which, using the identity [x*,y*] = — [x, y] , may be rewritten as 

[D pi D a ]sp = [Vp, V CT ] Sp + r2p CT Sp + Spr2* CT , 
tip* = V p ov - V a uj p + [aj p ,Uo] , 

with riper, seemingly, the field strength tensor corresponding to the gauge connection tu p . 
This result is analogous to the following result in General Relativity (augmented with a 
vierbein e a p and a spin connection uJp a i J , compare [TT]): 

\D D 1 p a — — R M p a 4- F a v. p b 

- 11 vpa — u p L va lJ a ± up ' 1 rp A ^<r 1 rcr- 1 ^p; 
^"fepo- = dpid^b — d f7 ujp a b + uj p a c uj a C b — UJ a a c UJp C b, 

where D p e a v = d p e\ - T^ up e a p + uj p a b e b u . Note that (a* 4 , [V p , V CT ] s„) = W vpa (r), by way 
of Eq. (|25l) . where, of course, the connection coefficients r'Vp entering into R^upa CO are 
those defined in Eq. (f26|) . If = D p s v , then 

= [Vp, V CT ] S/i + Q pa sp + s^. (28) 

Decomposing the gauge connection as ujp = x p + ig^' where \p G C (g> Vec (H) and 
A M G M, in accordance with Eq. (|27|) . and g £ R is some coupling constant, the field 
strength tensor decomposes as 

Kpu = VpXu ~ V,X M + [X P , X,]eC® Vec (H) , 
Fp V = V„A„ - V„A„ G R, 

because A p G M commutes with any element of C®I, and in particular with Xp (and 
itself). Note that F pv does not, as usual in a coordinate basis in Riemannian calculus, 
reduce to dpA u — d u A p , because the connection coefficients T ,1 up , as given by Eq. (f26|) . are 
in general not symmetric in the lower two indices. 
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6 Unsettled issues 



Below are listed unsettled issues which, it is hoped, will be settled in the near future, either 
by the author himself, or by some reader of this paper: 

• Local U(l) gauge transformation: It is quite tempting to interprete and F^ u as 
the electromagnetic gauge connection and field strength tensor, respectively. This 
hypothesis is strengthened by the fact that under the following local U (1) gauge 
transformation, 

lo'^ = w M - id^, (29) 
V4 = exp (+10) (30) 
i// R = exp(-i<f>)ip R , (31) 

where <j) = <p(x p ) £ R, consistent with Eq. (|27p . the covariant derivatives D^ip L and 
D^ipn transform covariantly; 

(D^ L )' = exp (+i</>) (DM, 
( d ^r)' = exp (-i(f)) (D^ R ) . 

Interestingly, the local gauge transformation given in Eq. (|29p does not affect the co- 
variant derivatives of any (tensor-valued) quaternionic vector fields, because u>^V^...^ l + 
Vai—aT^a m Eq. CC2) is left unchanged due to the complex conjugation in uJ* [see 
also added note below]. So, if the hypothesis of interpreting A^ and F^ u as the elec- 
tromagnetic gauge connection and field strength tensor, respectively, is correct, then 
at the level of (tensor- valued) complex quaternionic fields it seems that only spinor 
fields can be electrically charged. That, of course, flat out contradicts Nature, which 
does contain charged fundamental vector particles, the weak bosons W^ 1 . However, it 
may be speculated that generalizing the formalism here presented from C (g> H- valued 
fields to C (8> O- valued fields, where O is the set of octonions [HE], which is indeed a 
very natural thing to contemplate because the quaternions can be embedded into the 
octonions in numerous ways, would give room for the existence of W^: for instance, 
it might be speculated that these bosons are a consequence of interactions between a 
(C ® H)-part of C g> O and its complement (C <g> O) \ (C M). Also in favor of gen- 
eralizing from quaternions to octonions is the 'threeness' of the Fano plane, compare 
Fig. 1.1] or [12\ Sec. 2.1], of the seven imaginary units of the octonions which, 
as also speculated by others, for instance [13], is quite suggestive with respect to the 
threeness of color, or the threeness of the family structure. 

• Potential symmetry of fJiU : In analogy with the Christoffel coefficients of usual 
Riemannian calculus, it would be desirable to have T p ^ u = T p Ufl , because, for one 
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thing, it would imply S/ fJ _A u — V vA^ = d p A u — d u A p . By way of Eqs. ([3]) and ([26]) . 
it is equivalent to 

d^s v + uj^s u + s^w* = d v s p + uj v s^ + s M uJ*, 

which relates the gauge connection Uu to the basis s^. As of yet, it has not been 
figured out how to solve this equation for uj p = u> p {s u ). 

• Lagrangian: From Eq. (|28[) follows that 

o = w vpa (r) + n pa s„ + s,n* CT ) , 

where the connection coefficients r M „ p entering into R^ U pa CO = (s M , [V p , V CT ] s^) are 
those defined in Eq. (f26l) . Because Opo-s^ + s^J7 pcr G (C(8>Hf) - , these components 
R^upa (O are real-valued, which, of course, also is evident from the real-valuedness 
of the connection coefficients T fJ, up . On grounds of this relation, it may be speculated 
that a Lagrangian, analogous to the Einstein-Hilbert Lagrangian, could be defined 
as (with k £ M some constant), 

-l = #v(r) 

K 

= -(s^,^)-( S ^,0^>* 

= -(s^,^)-(s^,0^)* 

= -2Re((s^,0^)), 

using s* = — s^, and some of the identities of Proposition However, in regards 
to the former hypothesis of interpreting A p and F pv as the electromagnetic gauge 
connection and field strength tensor, respectively, this Lagrangian seems less than 
optimal, because it does not give a quadratic curvature term in F^y. To obtain such, 
a quadratic Lagrangian, the Lagrangian could instead be considered defined as 

Re«n^ 5 JV)) 

Re((K^ + igF^,K pu + igF flu )) 
Re((K^,K pu ))-g 2 F^F pu , 

where the last equality follows from the fact that (x,y) = 0, for any x € C <S> 
Seal (H) and y £ C <g> Vec(H). This Lagrangian, however, introduces the new en- 
tity Re ({K^, Kfj, u }): whether or not it describes the gravitational force is as of yet 
completely unsettled. 



K 
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Note added: As commented shortly after Eqs. (|29p -(|3ip the covariant derivative 
of any (tensor-valued) quaternionic vector field V is invariant under a local U(l) gauge 
transformation. This is consistent with, and could have been anticipated from, the fact 
that V = AVA = V for A = exp (i</>). In fact, local Lorentz transformations which obey 
A = A , a relation frequently used in this paper, and local U(l) gauge transformations 
A = exp (ic/>) can be treated in the following unified manner: 

• Local invariance of the metric, Eq. ([5]): The derivation holds also for a local U(l) 
gauge transformation, because (AA)* = (AA) for A = exp (ic/>). 

• Transformation of the gauge connection, Eq. (fT2j) : If A is replaced by A -1 , thereby 



then Propositions Q] and [2] apply to both local Lorentz transformations and local U (1) 
gauge transformations. Note that this modified expression for uj' correctly reduces 
to Eq. (|2nj) for A = exp (i(f>). 

7 Auxiliary material 
7.1 Identities 

The following Proposition lists some useful identities for composition algebras, a class 
to which the complexified quaternions belong, see for instance [7J or [8]. Note that the 
normalization of the inner products in [7j and [8], respectively, differ by a factor of 2. The 
normalization used in Eq. (pQ) is the normalization used in [7J. 

Proposition 3 The following identities hold for any composition algebra: 



yielding 



Alo u A 



(d„A) A 



(y,x) 



(32) 
(33) 



and 



(x,yz) 
(xy,z) 



(yx, z) , 

(x, zy) . 



(34) 
(35) 



7.2 Various 



Proposition 4 Let x, y G (C <g> H) . Then, (x,y) G M. 
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Proof: Using x* = —x and y* = —y: 



2(z,y}* = (xy + yx)* 

= x*y* + y*x* 

= xy + yx 

= 2(x,y). 
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